A shell model has been formulated for the Hall MHD system, where the Hall term (scaled by the ion skin depth l i ) brings about a new singular perturbation in addition to the resistivity and viscosity effects. The model equations are derived under the constraint to conserve the energy and two helicities in the inertial range. In the limit of l i → 0, the system reduces to the conventional MHD shell model.
∂ t u + (u·∇)u = (∇ × B) × B -∇ p + ν∆ u, (1) ∂ t B = ∇ × [(u -ε (∇ × B)) × B] + η∆ B, (2) with ∇· u = 0, where B is the magnetic field (normalized by a representative value B 0 ), u is the velocity (normalized by the Alfvén speed V A = B 0 /√ ⎯ µ 0 ρM ; M is the ion mass and the density ρ is assumed to be constant for simplicity), ν and η are the viscocity and the resistivity (normalized by V A L 0 ; L 0 is a characteristic length scale) respectively, and p is the pressure (normalized by B 2 0 /µ 0 ). The scale parameter ε = l i /L 0 is called the Hall parameter, where l i = M/µ 0 ρe 2 is the ion skin depth. We note that the Hall MHD system has an intrinsic length scale l i that scales the "singular perturbation" due to the Hall term. In the limit of ε → 0, the Hall MHD system reduces to the conventional MHD system.
The ideal Hall MHD system (ν = 0 and η = 0) has the author's e-mail: hori@ppl.k.u-tokyo.ac.jp following three constants of motion:
where E is the energy, H 1 is the magnetic helicity, and H 2 is the ion helicity [11] . In the limit of ε → 0, H 2 reduces to H 1 . A modified ion helicity (H 2 -H 1 )/ε, which is also a constant of motion of the Hall MHD system, reduces to the cross helicity as ε → 0. The shell model is constructed in a discrete scale hierarchy [2] . Each "shell" is characterized by a discrete parameter k n that parallels the wave numbers (reciprocal length scales) of turbulent fluctuations in the corresponding scale hierarchy. To span a wide dynamic range of scales, we choose k n = k 0 q n (q = 2, 1 ≤ n ≤ N). We denote by u n and B n the complex-valued variables representing the flow and magnetic field in the n-th shell, respectively.
Essential inputs for formulating the evolution equation are:
1. The scaling and dimensionality of each term are consistent with those of the corresponding term in the original partial differential equations; 2. The nonlinear terms are represented by the quadratic nearest or second nearest neighborhood combinations of u n and B n ; 3. The model equations have constants of motion that are commensurate with the constants of motion in the original partial differential equations.
In the shell model, the three constants of motion (3)- (5) read as:
where Ê, Ĥ 1 , and Ĥ 2 parallel the energy, the magnetic helicity (the curl operator is expressed as (-1) n k n in the shell model [10, 12] ), and the modified ion helicity ( In formulating the Hall MHD shell model, we take quadratic combinations of the complex conjugate of u n and B n , and use the imaginary unit i in front of each term on the right hand side of the equation [2, 10] . The Hall MHD shell model reads as:
where f n and g n denote the external force, and α n (i) , β n (i) , γ n (i) (i = 1, 2, 3) denote the coefficients.
For Ê , Ĥ 1 , and Ĥ 2 being constants of (9) and (10) in the inviscid and nonforcing limit, the coefficients α n (i) , β n (i) , γ n (i) t are determined as: In the limit of ε → 0, the Hall MHD shell model is reduced to the conventional MHD shell model [10] , and the modified ion helicity Ĥ 2 of (8) also reduces to the cross helicity. Those facts are consistent with the relationship between the Hall MHD system and the conventional MHD system.
